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1 Hom-® Adjunction, Tensor Powers, and Graded Algebras

1.1 Adjunction of Hom and ®

Theorem 1.1. Let A, B,C be R-algebras, and let M, N, L be R-balanced A-B, B-C, and
A-C bimodules, respectively. Then Homa(M ®p N, L) = Homp(N,Homa (M, L)) as right
C-modules. Moreover, these are natural in M, N, L. In fact, we havety; : BQrC°P -mod —
A ®pr C°P-mod

N — M®rN

J)\ J{idM@)R)\
N —— M®pN'

and hyy 1 AQRCP -mod — BRRrC°P-mod such that Hom4 (tM(N), L) = Homp (N, hp (L))
is natural in N and L; i.e. tyr is left adjoint to hyy.

Remark 1.1. This is the most general version, but you can safely forget C' to get a more
readable version of this theorem.

Proof. Let
= (n—= (m— p(memn))).
Yn
This is a homomorphism of abelian groups. Define v, : M — L be 1,(m) = m @ n. Then

tp(am) = Y, ((am) @ n) = ap(m @ n) = ah,(m),
so ¥y, € Homy (M, L). Now look at n ~ 1),,. Then
(b)) (M) = Pp(mb) = mb@n =m & bn = Py, (m),

so (n +— v¢p) € Homp(N,Homa (M, L)). Showing that our map is a map of C°P-mods is
left as an exercise.



Let’s find an inverse. Take € Homp (N, Hom(M, L)), and send
0 — (m®@n— 0(n)(m)).

Then
a(m®n =am ®n — 0(n)(am) = ab(n)(m),

so this is a map of A-modules. Also, (m,n) — 6(n)(m) gives a map M x N — L that is
left A-linear, B-balanced, and right C-linear (check this). So M ® g N — L is a map of
A®pRC°P-mods. To show that these are inverse maps, let ¢ — 6, where 6(n)(m) = p(m®n).
Then

0— (men—0(n)(m)=epmen)).

P
Check that the other composition works out. ]
1.2 Tensor powers and graded algebras
Let M be an R-module, where R is a commutative ring.
Definition 1.1. The k-th tensor power of M over R is M®* = M @p M Qp --- @r M.

This satisfies the universal property for multilinear maps:

M><M><--~><MﬂL

M®rMQ®g - Qr M

Definition 1.2. A graded ring A = @@;°, A4; is ring consisting of a sequence of abelian
groups A; such that

1. The restriction of +: A x A — A to A; x A; is the operation on A;
2. The restriction of - : A x A — A to A; x Aj lands in A;; (so A is a ring).
Here, gr¥(A) := Ay, is called the k-th graded piece.

To check that the direct sum of abelian groups together with these maps forms a graded
ring, we need these to be the same:

(Az X A]) X Ak — Ai+j X Ak — Ai—i—’f—f—kv
Ai X (Aj X Ak) — Az X Aj+k — Ai+j+k~

Definition 1.3. A graded R-algebra is a graded ring with the A; R-algebras, with a
map R — Z(Ap) such that R x A; — A; and A; x R — A; are the same, and such that
A; x Aj — A;yj is R-bilinear.



Define
o
M) = P
k=0
where we have the map M®% x M® — MOK*+) given by

Then this is a graded R-algebra.

Example 1.1. Let R be a commutative ring. Then

- Dr=ni

where the k-th graded piece has basis element 1 — z*.

Example 1.2. Let R be a commutative ring. What is T(R®") = T(Rx1 @ - -+ & Rxy,)?
The k-th graded piece is generated by z;, ® --- ® x;,. However, this is not Rz, ..., xy].
Notice that z; ® z; # xj ® z;, so R¥" ®@p R%" = R®" . So

T(R®") = R{x1,...,2,),
the noncommutative polynomial ring in n variables over R.

What is the universal property of T7 If ¢ : M — A is a map of A modules, where A is
an R-algebra, then there exists a unique T'(¢) : T(M) — A such that

M —* 5L

//?
l 7 T(p)

T(M)

because T'(¢)(m1 ® - @ myg) = p(m1) @ - -+ ® p(m;) determines T'(¢).
Let I={m®n—n®m:m,nec M}. Then

I=er’(1)
k=0

where gr¥(I) := INgr*(T(M)). Then I is a graded ideal. If A is a graded R-algebra and
I is a graded ideal of A, then

A/Iw@gr )/ er*(I)

is a graded ring.



Definition 1.4. The symmetric algebra is S(M) =T(M)/I.

In the quotient,

m;@mo@mM3 =m3Q@mma=m1 @Mz Dmg =---.

Example 1.3. S(R®") = R[z1,...,zy).
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